arXiv: 1508.04508vl [math.RT] 19 Aug 2015 


LIMITS OF JORDAN LIE SUBALGEBRAS 


MUTSUMI SAITO 

Abstract. Let g be a simple Lie algebra of rank n over C. We 
show that the n-dimensional abelian ideals of a Borel subalgebra 
of 0 are limits of Jordan Lie subalgebras. Combining this with a 
classical result by Kostant, we show that the g-module spanned by 
all n-dimensional abelian Lie subalgebras of g is actually spanned 
by the Jordan Lie subalgebras. 


1. Introduction 

To define a system for generalized Airy fnnctions, Gel’fand, Retahk, 
and Serganova [7] considered a Jordan gronp, which is the centralizer 
of a maximal Jordan cell in GL{n). We call its Lie algebra a Jordan Lie 
snbalgebra. The system is a confluent version of an Aomoto-Gel’fand 
system (CO. 0. etc.) associated to a Gartan subalgebra of gG- Kimura 
and Takano [9] explained the process of confluence by taking limits of 
regular elements; a Gartan subalgebra is the centralizer of a semisimple 
regular element, and a Jordan Lie subalgebra is that of a nilpotent 
regular element. A natural question thus arises; describe the set of 
limits of Gartan subalgebras. Recall that an element X in a simple Lie 
algebra 0 is said to be regular if the centralizer 3g(X) has the minimal 
possible dimension, the rank of g. 

Let g be a simple Lie algebra of rank n over C, and G its adjoint 
group. Let f) be a Gartan subalgebra of g. The question is to con¬ 
sider the closure Ad(G)() in the Grassmannian Gr(n, g) composed of 
n-dimensional subspaces of g. The centralizer of a regular element 
certainly belongs to Ad(G)f). In particular, a Jordan Lie subalgebra J 
that is the centralizer of a regular nilpotent element belongs to Ad(G)f). 
As a generalization of a regular nilpotent element, Ginzburg [8] dehned 
and studied a principal nilpotent pair (also see [5]). We remark that its 
centralizer also belongs to Ad(G)f). More generally a wonderful nilpo¬ 
tent pair was studied in [T3] and mi; the Z>o X Z>o-graded component 
of its centralizer belongs to Ad(G)l). 
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The theory of abelian ideals of a Borel subalgebra draw a strong 
attention to researchers in the representation theory (e.g., Hl.lEl) after 
Kostant’s remarkable paper [12] related the theory to the combinatorics 
of affine Weyl groups and the theory of discrete series. 

In this paper, we show that the n-dimensional abelian ideals of a 
Borel subalgebra of g belong to Ad(G) J. Combining this with a clas¬ 
sical result by Kostant m, we show that the g-module spanned by all 
n-dimensional abelian Lie subalgebras of g is actually spanned by the 
Jordan Lie subalgebras. 

In Section 2, after reviewing the classical result by Kostant m , we 
state the main results in this paper. Then we introduce two types 
of deformation in Section 3: unipotent deformation and semisimple 
deformation. These are two basic techniques we employ. 

In the subsequent sections, we prove the results type by type. For 
the classical types, we move some technical details into Appendix, to 
make the proofs clearer. 

In Section 4, we treat the case of type A. Using the Weyl group 
action, we reduce the proof to a problem of the solvability of a system 
of inequalities, which is proved in Appendix A. In Section 5, we consider 
the other classical types in a uniform manner. In Sections 6 through 
10, we treat the exceptional types. To compute, we £x a Chevalley 
basis of g as in [T21 Proposition 4]. 


2. Main results 

Let g be a simple complex Lie algebra of rank n, and G its adjoint 
group. 


2.1. Kostant’s classical result. For fc = 0,1, ..., dimg, 0 is a g- 
module by the adjoint representation. Let Ck be the subspace of /\^ g 
spanned by all where a is a /c-dimensional abelian Lie subalgebra 
of g. Then Ck is a g-submodule of /\^ g. 

Fix a Cartan subalgebra i) and a Borel subalgebra b 3 f). Let A 
be the root system with respect to f), and A+ the positive root system 
corresponding to b. As a g-module, Ck is characterized by the following 
theorem: 

Theorem 2.1 (Kostant [TT] 1. Let a be a k-dimensional abelian ideal of 
b. Then A^a is a highest weight vector of Ck- Conversely any highest 
weight vector of Ck is of this form. 
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Let a be an abelian ideal of b. Note that there exists a snbset A(a) C 
A+ snch that 

(2.1) a= © and (A”^ + A(a)) n A C A(a). 

Q:£A(a) 

2.2. Jordan Lie subalgebras. Let oi, be the simple roots in 

A"*"; we follow Bonrbaki’s notation [2]. 

Let 

{Xa, Hi\a e A, i = 1,2,... ,n} 

be a Chevalley basis of g. Let A := YA=i^ai) and J := 30 (A). Then A 
is a regnlar nilpotent element (cf. [ini Theorem 5.3]), and J is called 
a Jordan Lie snbalgebra of g. 

We have the following proposition (see |3l Lemma 2.5] and [H (1.6)]): 
Proposition 2.2. In the Grassmannian Gr(n, g), 

J = lirnexpt“^adA(f)) G Ad(G)f). 

For a G A+, let ht(a) denote the height of a. Then the nilradical n 
of b is graded by ht: 

= Qr-= 0 0 «- 

j>0 ht{a)=j 

The Jordan Lie snbalgebra J = 3 g(A) is also graded by ht: 

= 0'^^0i- 

j 

The set of heights appearing in J is exactly the same as that of expo¬ 
nents of g connting mnltiplicities (cf. [TOl Theorem 6.7]). 

In the following classical examples, we take the snbset of diagonal 
matrices and that of npper triangnlar matrices as 1) and b, respectively. 
Let Si G 1)* denote the linear form taking the (i, i)-component. The 
Jordan Lie snbalgebras J below can be compnted as follows: First it 
is easy to check that Z and A® belong to g for the indicated powers i. 
It is also clear that they commnte with A. Since we know the heights 
appearing in J ([TOl Theorem 6.7] loc. cit.), we see that they form a 
basis of J. 

We denote by Eij the matrix whose entries are 0 except for the 
(i,j)-entry 1. Let 70 denote the maximal root. 

Example 2.3. Let g = s[(n J- 1,C), and := (1 < i < n). 

Then A = Yh=i Ei,i+i, and 

n 

J = 0CAh 

i=\ 
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We have 70 = Ya=i ht( 7 o) = n. 

0 1 

Example 2.4. Let F := 


0 


, and let 


{X e S[(2n + 1) 1 

*XF + FX = 0} 

f 

A X B 

' 


—+ 0 —^x 

1 B' = -B, C' = -C > 

1 

C y -A'_ 

, 


where A, B, C are nxn matrices, x, y are column vectors of dimension 
n, and 

(2.2) A' := (ttn+l-j^n+l- i) for an n X 77 , matrix A = (ajj). 

The simple roots are 

Q-l £i £' 2 , • • • , Oin—1 ^n—1 ^n- 

Let . Ej E2n+l—i,2n+2—i (1 ^ ^ ^ ^)' 

Then 

n 2n 

^ ~ ■E'zjZ+l “ -E'z,z+1; 

2=1 2 =n+l 

and 

n 

j = 0ca2^-\ 

fc=i 

We have 70 = £i + £2 = + 2 Yjk=2 and ht( 7 o) = 2n — 1. 

0 11 


Example 2.5. Let F : = 


, and let 


-1 0 
g:=sp(2n,C) = {W G s[(2n) | + FX = O} 

'A B ^ 

C -A' 


B' = B, C' = cl , 


where A, B, C are nxn matrices (cf. fl2.2p for A' etc.). 

The simple roots are 

Qfl El 6^25 • • • 5 *^72—1 ^72—1 ^725 *^22 

Let . Ei^i^i £'272—2,272+1—2 (1 ^ ^ 1 ), and . T/j^^y^+i* 
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Then A = Ya=i Ei,i+i - Ei=n+i and 

n 

J = 0CA^^-^ 


k=l 


We have 70 = 2ei = 2 Ya=i •a* + Un and ht(7o) = 2n — 1. 


Example 2.6. Let F : = 


, and let 


0 ;=so(2 n,C) = {X e 5[(2n) | + FX = O} 

B’ = -B, C' = -C\ , 


A B 
C -A’ 


where A, B, C are n x n matrices. 
The simple roots are 


Ol £1 E2i • • • 1 Un—1 ^n—1 Oin ^n—1 T ^n- 

Let X|y^ ■ Fj j_|_i E 2 n—i, 2 n+l—i (1 ^ i ^ U 1) and Xq,^ . En—l^n+l 
En,n+ 2 - Then 

n—1 2 n —1 

^ ^ ^ ^ -£' 2 , 2+1 H“ -£'n—l,n+l -£' 22 , 72+27 

2=1 2=72+1 

and 

72—1 

J = CZ 00 CA 2 ''-\ 

fc=l 

where Z = Fi^„ — F„+i^ 2 n ~ T^l,n +1 + T^n, 2 n- 

The height of A^^“^ equals 2A; — 1, and that of Z n — 1. We have 
7 o = + £2 = «! + 2 Efc=i “fc + cin-i + “n and ht(7o) = 2n - 3. 

Proposition 2.7. There exists an abelian Lie subalgebra K G Ad(G) J 
with a basis {A^ | ht(7o) — (n — 1) < i < ht(7o)} unless g is of type 
Dn, and with a basis {A^ | ht(7o) — (n — 2) < i < ht(7o)} U {Z} when 
0 is of type Dn, where A^*^ is of the following form: 

AW = CaXa {Ca ^ 0 for any a). 

ht{a)=i 

Furthermore, in the case of type Dn, we ean take so that Z and 

Cs-,-enXs-,-en + Csi+s„Xs-^+sn linearly independent. 

Proof. When g is a simple Lie algebra of classical type, there exists 
a nilpotent element S' G g such that K := limt^oexp(t“^adS')(J). 
Indeed, if g is of type A, then take S' = 0. Then K = J and A*^*^ = A* 
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meet the condition. For the other classical types, we prove the existence 
of such an S in Appendix. 

For a simple Lie algebra of exceptional type, we see the statement 
in its own section. □ 


2.3. Main Theorem. The following is the main theorem of this paper. 
The proof is given by a type-by-type consideration. Propositions 12.21 
and 12.71 lead to the latter half of the statements in Theorem 12.81 


Theorem 2.8. Let a be an n-dimensional abelian ideal of b, and let 
K he an abelian Lie subalgebra described in Proposition 2. 7| Then 
a G Ad{G)K in Gr(?7,,g). Hence a G Ad(G)J, and a G Ad(G)f). 


Corollary 2.9. The subspace Cn of A'^g is spanned by any of the fol¬ 
lowing: 

(1) {A"a| a G Ad(G)A:}, 

(2) {A"a| a G Ad{G)K}, 

(3) {A"a|oG Ad(G)J}, 

(4) {A^ajoG Ad(G)J}, 

(5) {A^-a I a G Ad(G)f]}, 

(6) {A"a| a G Ad(G)[)}. 

Proof. It is enough to prove (1). The subspace spanned by any set from 
(1) to (6) is a G-submodule of G„, and thus a g-submodule. Hence (2) 
is clear from Theorems 12.11 and 12.81 Let Gf be the subspace spanned 
by {A"'a| a G Ad(G)A'}. Since this is closed and includes {A”a | a G 
Ad(G)A'}, we see 


G; 5 {A’^alaG Ad(G)iF}. 


Hence we obtain (1) from (2). 


□ 


We use the following lemma very often throughout this paper. 

Lemma 2.10. Let 9 1 1 —)■ a* G Gr(n, g) and 3 t t-A- At G g \ {0} 
be morphisms. Suppose that At G a* for all t G and A := limj^o At 
exists in g\ {0}. 

Then A G lim^^o <A- 

Proof. Gonsider morphisms 

n+l 

P : g X (g)” 9 (T, [ai,... ,a„]) H-T A ai A • ■ ■ A a„ G /\ g, 

n 

P' : (g)*^ 9 [tti,... ,a„] H-ai A • • ■ A G/\g. 
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Then P“^(0) (P'“^(0) respectively) is closed and x GL{n)-stah\e 
(GL(n)-stable respectively). Hence P“^(0) fl (( 0 \ {0}) x ( 0 "'\P'“^(O))) 
is closed in (0 \ {0}) x (g"" \ P'“^(0)) and x G'L(n)-stable. 

Thus its image 

{(CF,a) |y G a} 

under the canonical morphism is closed in P( 0 ) x Gr(n, g). Hence 
(CH, limt^o at) = at) belongs to {(CH, a)]!^ G a}, i.e., 


We close this section with the following small example of Proposition 
12.71 and Theorem 12.81 


Example 2.11. Let g = sp(6,C). As in Example 12.51 let 


/ 

0 

a 

0 

h 

0 

c 

' 


0 

0 

a 

0 

-h 

0 


A = aA + bA^ + cA^ = 

0 

0 

0 

a 

0 

h 



0 

0 

0 

0 

—a 

0 



0 

0 

0 

0 

0 

—a 


< 

0 

0 

0 

0 

0 

0 

> 


There are two 3-dimensional abelian ideals of the upper triangular Borel 
subalgebra: 


✓ 

0 

0 

0 

b 

a 

c 

' 


r 

0 

0 

0 

0 

a 

c 

' 


0 

0 

0 

0 

0 

a 




0 

0 

0 

0 

b 

a 



0 

0 

0 

0 

0 

b 




0 

0 

0 

0 

0 

0 



0 

0 

0 

0 

0 

0 


^ 02 = < 


0 

0 

0 

0 

0 

0 



0 

0 

0 

0 

0 

0 




0 

0 

0 

0 

0 

0 


< 

0 

0 

0 

0 

0 

0 

> 



0 

0 

0 

0 

0 

0 

> 


We have 


IE25,a] 


0 0 0 0 -o 0 

0 0 0 0 0 —a 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 


exp(t"^adP25)(^A) = tA - (P 15 -h P 26 ), 
exp(f“^adP25)(A^) = A^, 
exp(t“^adP 25 )(A®) = A®. 


Hence 
























MUTSUMI SAITO 


By Lemma f2.ini 




t^o 


✓ 

0 

0 

0 

h 

—a 

c 

' 


0 

0 

0 

0 

-h 

—a 



0 

0 

0 

0 

0 

b 


< 

0 

0 

0 

0 

0 

0 

> 


0 

0 

0 

0 

0 

0 



0 

0 

0 

0 

0 

0 

> 


=; K. 


Let 

di{t) := diag(l,t, 1, \ 1), d 2 {t) := diag(t, 1,1,1, l,t“^). 

Then by Lemma f2.ini 

\imAd{di{t)){K) = ai {i = 1,2). 


Hence Oi, a 2 are contained in Ad{G)K. 


3. Basic deformations 


In this section, a is an abelian subalgebra of b, and we suppose that, 

(3.1) if a G A’*’ and C a, then Qa +0 ^ a for all fd G A’*". 

By (I2.ip . abelian ideals of b satisfy (13.11) . 

We prepare two deformations: unipotent deformation and semisim¬ 
ple deformation, which are used many times in this paper. 


Lemma 3.1. Let fd G A+. 

(1) If a & A+ and go, C a, then 

go, C liniexp(f“^adA^)(a). 

(2) Let r G a. If (adA;3)*(Cr) ^ a and (adA/3)^(Cr) C a for all 
j > i, then 

(adA^)*(Cr) C hmexp(f“^adA^)(a). 


Proof. (1) By the assumption (13. ip . (adA^)*(AQ,) G a for all i. Sup¬ 
pose that k is the maximal i with (adA^)*(AQ,) ^ 0. Then 


exp(-t ^adA^)(A„) = ^adA^)*(A„) G a 


i=0 


for alH 7 ^ 0. Since 

Xa = exp(f“^adA^) exp(— f“^adA/ 3 )(AQ,) G exp(f“^adA^)(a) 
for alH 7 ^ 0, we have by Lemma 12.101 

Xa G limexp(f“^adA/ 3 )(a). 
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( 2 ) Suppose that k is the maximal j with (adX^)'^(r) 7 ^ 0. We 
inductively dehne Laurent polynomials aj{t) G by 


aoit) = aiit) = ■ ■ ■ = ttiit) = 0 






Then 


We have 


r- 


q^+l U - Q) 


^aq{t) (* + 1 < j < fc)- 


exp(t ^adX^)( ^ a,(t)(adX; 3 )'?(r)) 

q=i+l 

= i:4‘“’'s(*)(adW)''+«(r) 

p,q P- 

= j: t. 

j=i-\-lq=i+l \J yj- 

j=i+l 3- 


limexp(t ^adX_a)(t*(r — ^ aq(t)(adX/ 3 )^(r))) 

t ^0 . ^ 

q=t+l 


= lto(hadAy‘(r) + 0(1)) = i(adAy‘(r). 

^ %\ Z! 


Hence by Lemma [2.101 


(adX^)*(Cr) C hrnexp(t ^adX^)(a). 


□ 


Let T be the maximal torus of G with Lie algebra i). Let xi^ ■ ■ ■ ^Xn 
be the characters of T corresponding to the simple roots ai,... ,an, 
respectively. Let Ai,..., be the 1-parameter subgroups of T such 
that Xj{^i{t)) = 3-^'^■ For ^ = (rRi, • • •, rn-n) G Z"' and a = ^ 

A^, set 

n 

(3.2) (m,a) = ^mjdj. 

i=i 


Hence 

n 

xAIIT'W) = 

i=i 

where Xa is the character of T corresponding to a. 
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Lemma 3.2. Let T = X]aGA+ G a. Suppose that 0a C a z/ 

{m,a) < c and Oq ^ 0. Then 

n 

OaXa e limAd(n 

(m,a)=c J=i 

Proof. We have 

n 

Ad(nAr(t))(r)= ^ 

j=l aeA+ 

Hence 

n 

Ad(nA7^(t))(r‘=(r- ^ aaXa))= E aaXa + o(l). 

^=1 (m,Q:)<c (m,Q:)=c 

By Lemma [2.101 we have 

n 

Y ««Aa e hinAd([| A™"(t))(a). 

, . t rU . ^ 

(m,a}=c J=i- 


□ 


4. Case s[(n+ 1,C) 

In this section, let g = sl(n + l, C), and b the Lie subalgebra of upper 
triangular matrices. 

Let a be an n-dimensional abelian ideal of b. Then by fl2.ip there 
exists a Young diagram p = (pi > p2 > ■ ■ ■ > h/) with |/i| := Yi=i Ti = 
n (p h n) such that 

I f^k 

0 = Cl/j ; = ^ ^ n-k+2- 

k=lj=l 

Example 4.1. Let /i = (pi > p 2 > hs) = (4,4,1) and n = 9. Then 
the weight spaces of are the following places: 

1 
2 

3 

4 


in the upper right block of size pi x (n + 1 — pi) = 4 x 6 of a square 
matrix of degree n + 1 = 10. 



5 6 7 8 9 10 
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Besides a^, we define another abelian Lie subalgebra in the upper 
right block of size /ii x (n + 1 — /ii) by 

I l^k 
k=lj=l 

Example 4.2. Let fx = (/ii > /i 2 > /i-s) = (4,4,1) and n = 9. Then 
the weight spaces of a'^ are the following places: 

1 
2 

3 

4 

5 6 7 8 9 10 



Remark 4.3. and are conjugate to each other by 

Pa O' 

O Pr\ ’ 

where P^ and Pr are respectively the permutation matrices correspond¬ 
ing to 


a 


T 


1 2 ■■■ ^il\ 

Ri - 1 ■ ■ ■ 1 / 


and 


/ + 1 ■ ■ ■ fil + J2i>k /Ii + 1 

\n — I + 2 ■■■ n — k + 2 


Yli=i fXi 1 — n 1 
n + 1 


Hence the statements G Ad(G) J and a'^ G Ad(G) J are equivalent. 

Lemma 4.4. For each h = 1, 2,..., n, there exists a unique i{h) such 
that Ei(^h),i(h)+h e a'^. Explicitly, 

( 4 . 1 ) i{h) = ni + l- {h-^Hi), 

i>k 

or equivalently 

(4.2) ^(^) ~\~ h = Hi y ) Hi P ^ 

i>k 

with k satisfying Y.i>k Hi < h < Y.i>kHi- Note that i{h) < Hi < 
i{h) + h. We have 

n 

^ 0 ‘EEHh),iih)+h- 

h=l 


Proof. A weight of corresponds to a place (/ii-|-l—j, HiPHi>k /ij+1)- 
Then its difference of components equals 

(hi + X! hi + 1) “ (hi + 1 “ j ) = X! hi + j- 

i>k i>k 
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As j runs over [1, fik], they are all different, and they cover {1,2,..., n}. 
When h = Yji>k l^i+ j-, we have 

i{h) = +1 - j = +1 - {h 

i>k 

□ 


For a vector [zi, Z 2 , ■ ■ ■, Zn) G Q" and h,j = 1,2,... ,n with j + h < 
n + 1, put 

j+h-l 

Zjih) := Y. 

i=j 

For /r h n, we consider the following system of inequalities: 


r Zi{^h){h) < Zj{h) {l<h<n, i <n + l-h, i ^ i{h)), 
{lE^) < Zi> 0 {1 < i < n, i ^ /ii), 

[ = 0. 

We give a proof of the following proposition in Appendix A: 


Proposition 4.5. For any /r h n, there exists a solution of the system 
(lEfj) in Z”. 


Let z = {zi,..., Zn) G Z'^ be a solution of the system Since 

{n + l)z = {{n + l)zi,..., {n + l)zn) also satishes {lE^), we may assume 
Zj G (n + 1)Z for all j. 

Dehne w = {wi,..., Wn+i) G Z”'+^ by 


(4.3) 


wj := 


Ek=jin + 1 - k)zk - El=\ kzk 

n + 1 


Then Yi]=i '^j = 0 


(j = l,...,n + l). 


j+h-l 

(4.4) Wj - Wj+h = Y = Zj{h). 

k=j 


Proposition 4.6. Let w G be the one defined in fl4.3p . and let 
:= diag(t"’b • • • > t^"+fi G SL{n + 1, C). Then 

hmAd(t“')J= a'. 

Proof. Recall that A := Yfi=iEi,i+i, = Yd=Y'^ Ei^i+h, and J = 
CA^. We have 

n-\-l—h 

hm Ad(T^)t-^*('*)('^)A" = hin ^ = E,^u),iih)+h. 

L rVJ L rVJ . . 

J=1 

Hence by Lemma [2Iin]limt^o Ad(F^)J = a(^. □ 
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Proof of Theorem IS.Sl Recall that we may take K = J in the case of 
5 [(n+ 1, C). For an n-dimensional abelian ideal o of the Lie algebra of 
upper triangular matrices in 5[(n + 1, C), there exists /x h n such that 
a = o^. By Remark H73l and Proposition 14.61 

G Ad(G)J. 


□ 


5. Main theorem for Types B, C, D 

Let g be a simple Lie algebra of Type B, C, or D. Let ai ,..., be 
the simple roots in A"*"; we follow Bourbaki’s notation [2]: 

(-Bn) Clii ^i+1 ^ 1 Un 

A+ = {si, Si - Ej, Ei + Ejli < j}; 

(d^n) ^2+1 ^ 

A+ = {2£i, £i - £j, £i + £j\i< j}; 

(-Bfi) CTj £i £^2+1 if ^ II); Oin ^n —1 T ^ni 

A+ = {£i - £j, £i + £j\i< j}. 

Let b be the Borel subalgebra corresponding to A"*", and a an n- 
dimensional abelian ideal of b. Recall that a satishes fl2.ip . 

Lemma 5.1. The set A (a) consists of roots of form £i + £j except 

(1) A(a) = {£i, + £j I j > 2} in Type B^, 

(2) A(a) = {£i - £n, £i + £j I j > 2} in Type D^, 

(3) A(a) = {£2 + £ 3 , - e^n, ei + £j\n> j > 2 } in Type Dn- 

Proof. Since the heights of the maximal roots of Types B, C, and D 
are 2 n — 1, 2?t, — 1, and 2 n — 3, respectively, the heights of roots in A(a) 
are greater than or equal to n, n, and n — 2, respectively. Thus we see 
the assertion for Types B and C. 

In Type D, the roots with height greater than n — 1 are of form £i+£j, 
and £i —£n is the unique root not of form £i + £j with height n — 1. Note 
that £i — £j G A (a) leads to £1 — £n G A (a) by fl2.ip . Hence, if a root of 
form £i — £j belongs to A(a), then it contains — £n, £i+£j\n > j > 
2}. If the remaining root of A(a) is not £i + £n or £2 + £ 3 , then A(a) 
must contain another root since it is closed under the addition by the 
positive roots, which contradicts |A(a)| = n. □ 

We hrst consider the exceptional cases appearing in Lemma [5.11 

Proposition 5.2. Let A{a) be one of the following: 

(1) {£ 1 , £1 + £j I j > 2} in Type Bn, 
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(2) {ei - Sn, Si + Ej I i > 2} in Type Dn, 

(3) {82 + £ 3 , - £n, £1 + £j\n> i > 2} in Type (n > 5). 

(4) Any in Type D^. 

Then Theorem \2.8\ holds, i.e., 


a e Kd{G)K. 

Proof. (1) The heights of K are greater than or equal to n (cf. Propo¬ 
sition [5]^. For a root a of height > n, the coefficient of a\ is 1 or 0, 
and 1 exactly when a = Si^Si + Sj (j >2). In other words, for a root 
a of height > n, 


a(A/(t)) 


t ^ {a = ei,ei + ej {j > 2)) 
1 (otherwise). 


Hence by Lemma [3.21 we see 


= a. 


(2) Let 

^Si—ej • hl/2n+l—j,2n+l—ii ^ei+ej ■ Ei 2n+l—j Ej2n+l—i 

for i < j. Similarly to the proof of (1), by Lemma [3.21 

limAd(Ar'(t))(ir) 

~ (■^) C-ei-Cn^ei-en T Gi+e„^ei+e„y -^ei+en-ii ■ ■ ■ y ^ei-l-e2) 

= a. 

Here (Hi,..., A^) means the C-vector space spanned by Hi,..., H^, 
and the last equation holds by the latter half of Proposition 12.71 

(3) Let (3 := 0^4 -|- • • • 4- an -2 + an A n > Q, and (3 ■.= a^ ii n = 5. 

Then ht(/5) = n — 4, and ei + 8^ = (3 (ai an -2 + cin-i)- Since 

7 := tti • 4 - an -2 + cin-i is the unique root of height n — 1 such that 
/9 4 - 7 is a root, ad(X^)(A("“^i) and ad(X/ 3 )(Z) are nonzero multiples 
of Since no root of height n or n 4 - 1 remains as a root after 

added by /3, we have ad(A/ 3 )(A(^)) = 0 and ad(X; 3 )(A^”+^^) = 0. By 
ht(/3) = n — 4, ad(A^)(A("'+-^i) = 0 for j > 2. By Lemma l3H] 

lmiexp(r‘ad.Ys)(A-) = Al”',..., A<'="-=»> 

= (x„+„,a<”-‘>,a<”7..,a'“-’>> =: m. 
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Here the last equation holds since = C£j+e 4 Xej+£ 4 +C£ 2 +£ 3 -A£ 2 +e 3 . 

Again similarly to the proof of (1), by Lemma [3.21 

lmiAd(Ah^(t))(ai) 

(^^£2+^3 ’ A C-£i-\-en^Cl-\-Sn ^ ^S\+£n—l ^ * * * 7^^£l+£2) 

=: a2. 

Finally, 

^d.(A,i(f)) ( 02 ) = (A^£2+e3) A^ei-Sn) ^ei+En-l) • • • )^£i+£2) ~ 

(4) Let 0 be of type ^ 4 . The following is the list of non-simple 
positive roots: 

ai+202+03+04 

(£l+£2) 


01+02+03+04 

(£l+£3) 



01+02+03 01+02+04 02+03+04 

(£l-£4) (£l+£4) (£2+£3) 


O1+O2 Q2+O3 Q2+O4 

(£l-£3) (£2-£4) (£2+£4)' 


There exist the following three cases: 

(i) A(a) = {£1 - £ 4 , £1 + Sj \j = 2, 3,4}, 

(ii) A(a') = {£2 + £ 3 , £1 + £j I j = 2, 3,4}, 

(iii) A(a") = {£2 + ^3^ ~ ^ 4 , IJ = 2, 3}. 

The case (i) is included in (2). Similarly to the case (i), we have 

lmAd(A 4 i(t))(A:) = a', 
hmAd(A 3 -i(f))(iF) = a". 


□ 

In the rest of this section, we £x an abelian ideal a of b such that 
A(a) is none of the ones in Proposition I5.21 To prove a G Ad{G)K 
iTheorem 12.81) . we dehne a sequence of abelian Lie subalgebras K = 
ai, a 2 ,..., a„+i = a of b such that 


ai+ieAd(G)ai (/= 1 , 2 ,..., n). 
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j 

3 + 1 

j 


a{l) 


a{l — 1) 

1 

1 1 


a{l) 

i + 1 \ 

a{l — 1) 

Case 1 


Case 2 


Figure 1. a{l - 1) and a{l) 

For P = Si + Ej ^ ^(ci) (* < j)) put 

(5.1) i = i{/3) and j = jW). 

Hence in particnlar 

Note that for a G A(o) 

ht(a) = 2n + 2 — i{a) — j{a) (Bn), 

(5.2) ht(a) = 2n + 1 — i{a) — j{a) (Cn), 

ht(a) = 2n — i{a)—j{a) {Dn), 

and that for a, (3 G A (a) 

(5.3) a < ^ ^ i{a) j{a)>j{/3). 

Here recall that a < f3 means f3 — a ^ MA’*'. 

Set 

Y := F(a) := {(i(a),j(a)) |a G A(a)}. 

We sometimes identify F(a) with A(a). Let M be the set of (h j) G Y 
with minimal i among the elements in Y with the same height (or 
eqnivalently with the same i + j)'- 

M := {(q j) G F I (*',/) eY,i+3=i' + 3' ^i< i'}. 

Pnt L:=Y\M. 

We introdnce a total order -< into A (a) by 

(5.4) a >- (3 I or 

i j(«) = i(/^), *(«) < *(/5)- 

Then a > (3 implies a Y /3, and the maximal root is the biggest. 

Ennmerate the roots in A (a) according to -< from the biggest to the 
smallest, starting with 1. Let a{k) be the k-th root in A(a). (Hence 
a(l) is the maximal root 70 .) Note that there exist two cases for a{l — l) 
and a{l) (see Fignre[T]). 
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For / = 1, 2,..., n + 1, put 

Y{1) := {«(!),a(2),...,«(/-!)}, L{1) :=Y{l)nL, M{1) ■=Y{l)nM. 

We divide M into two sets Mi and M2: 

Ml := {a G M I i{a) = 1}, M 2 := M \ Mi. 

Definition 5.3. A root a G A(a) is called a source if there exist no 
(3 G A(a) and 7 G A'*' such that a = /5 + 7 , i.e., a source is a minimal 
element of A (a) with respect to <. 

By fl5.3p the following is obvious: 

Proposition 5.4. The set of sources equals 

{si + Ej G A(a) I Sj+i + Ej^ Ei + Ejj^i ^ A(a)}. 

Example 5.5. Let g be of type B-j, and let 

{^1 + ^2, + ^ 3 ; ^2 + ^ 3 ; + £^4, £2 + ^ 4 , ^3 + £^4, + £5}- 

The sources are £3 + £ 4 , £1 + £ 5 . 

By the definition of 

0 ( 1 ) = ^i + E2, ci(2) = ^i + £3,..., 0 ( 6 ) = £■3 + £4, 0(7) = £1 + £5; 


5 

4 

3 

2 

7 

4 

2 

1 


5 

3 



6 




Here we put k in the box at (i, j) when a{k) = £* + £j {i < j). We have 

M = { 0 ( 1 ), 0 ( 2 ), 0 ( 4 ), 0 ( 6 ), 0 ( 7 )} 

L = {a(3),a(5)}, 

and 

Ml = {a(l), a(2), a(4), a(7)}, M 2 = { 0 ( 6 )}. 


For a G A(a), let s{a) G A(a) denote the biggest (with respect to 
-<) source (3 with (3 < a. By fl5.3p . 

(5.5) i{s{a))>i{a), j(s(a)) > j(a). 

Lemma 5.6. Fora G M 2 , j{a) = j{s{a)). 

Proof. This is clear since a G M 2 implies {i{a),j{a) + 1) ^Y. □ 

Lemma 5.7. Let a,(3 & A(a) satisfy j (a) = j{l3). 

Then s(q;) = s{(3). 
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Proof. We may suppose that i{a) < Then s{/3) < (3 < a, and 

hence s{(3) ^ s{a) < a. 

If s(a) < (3, then we have s{a) = s{(3) by the dehnition of s{(3). 

Suppose that s(a) ^ (3. Then i(s(Q;)) < i{/3){< i{s{/3))), because 
j(s(a)) > j{a) = j{(3). By s{(3) < s(a), we have j(s(/3)) > j(s(a)). 
Hence we have s(/5) < s{a). This implies that s(a) is not a source. □ 

For / > 1, we dehne 1 < ti < oo, which plays an important role in 
the inductive proof of Theorem 15.111 


(5.6) 


ti : = 


oo (^ = 1) 

oo (F 3 32ej < a{l - 1) ^ Ma (Type C)) 
oo (I^ 3 + Ej < a{l — 1) ^ M 2 (Types B, D)) 

min{i(s(/5)) | (3 P a{l — 1)} (otherwise). 


Example 5.8. In Example 15.51 = ^2 = ■ ■ ■ = fe = 00 , ^7 = 3, ts = 1- 


Lemma 5.9. We have 

tl > t2 > • • • , 

and, if ti ^ 00 , then ti = — 1))). Moreover 7 ^ ti implies 

ti = 00 and aif) G M2, or aif) G Mi. 


Proof. Recall that there exist two cases for «(/ —1) and a{l) (see Figure 
P. First we prove that = 00 implies U = 00 . This is clear for 
Case 1. (Note that a{l — 1) G M 2 implies a{l) G M 2 , or a{l) ^ M 2 
implies a{l — 1) ^ M 2 .) In Case 2, b+i = 00 implies that 2ej(a{i)) £ F 
(Type C) and £j(a(z))_i + G F (Types B,D), respectively. Then 

a{l - 1) = 2 £j(„(p)_i (Type C) and a{l - 1) = £jiaii ))-2 + £j{a{i))-i 
(Types B,D), respectively. Hence we have ti = 00 . 

Suppose that ti+i 7 ^ cx). Then by {i(s(/3)) | f3 F «(/)} D {i(s(/3)) | (3 F 
a{l - 1 )}, clearly ti+i < ti. 

Next we show i{s{a{l)) < i{s{a{l — 1)) for any 1. If s{a{l)) = s{a{l — 
1)), then this is clear. Suppose that s{a{l)) 7 ^ s(a(/ —1)). Then a(/ —1) 
and a{l) are in Case 2 (Figure [T]). Thus j{a{l)) = i{a{l — 1)) + 1 and 
a{l) G Ml. If i{s{a{l)) > i{a{l — 1)), then 


i{a{l — 1)) 


j{a{l - 1)) - 1 (Types B, D) 
j{a{l - 1)) (Type C), 


because otherwise s(a(/)) < (z(q;(/ —1)) + 1 , j(a(/ —1))) by the inequal¬ 
ities j{s{a{l))) > j{a{l)) = j{a{l — 1)) -|- 1 > j(a(/ — 1)) and fl5.3p . 
But this contradicts fl2.ip . since {i{a{l — 1)) -f 1, j(a(/ — 1))) does not 
belong to F. 









JORDAN LIE SUBALGEBRAS 


19 


Thus s{a{l — 1)) 7 ^ s(a(/)) implies i(s(a(/)) < i{a{l — 1)) < — 

1)). Here the last inequality holds by fl5.3p . 

Hence in any case i(s(a(/)) < i(s(a(/— 1)), and thus ti = i(s(Q;(/— 1))) 
if ti 7 ^ oo. 

Finally suppose that ti+i 7 ^ ti and a{l) ^ Mi. Then a{l — 1) and 
a{l) are in Case 1 (Figure [T]). By Lemma [5?71 s{a{l — 1)) = s(a(/)). 
Hence ti = 00 , b+i = i{s{a{l))), a{l — 1) ^ M 2 , and a{l) G M 2 . □ 

Lemma 5.10. ti > 

Proof. We may suppose that ti 7 ^ 00 . By Lemma 15^ f = i{s{a{l — l))). 
If a{l — 1) and a{l) are in Case 2 (Figure [T]), then i{a{l)) = 1, and the 
assertion is clear. If a{l — 1) and a(/) are in Case 1 (Figured]), then 
s(a(/)) = s{a{l — 1)) by Lemma ITTI and hence by fl5.3p 


ti = — 1))) = i(s(a(/))) > 


□ 


Theorem 5.11. Let g be a simple Lie algebra of type B,C, or D. 
Then we have Theorem \2.8[. i.e., a E Ad(G)K. 

Proof. We already proved the assertion in four cases (Proposition 15.2p . 
We suppose that a is none of those cases. 

Set ht(y) := {ht(a) \ a eY}. Then, by the dehnition of M, for each 
h E ht(H), there exists a unique a E M with ht(a) = h. 

For k with ht( 7 o) — n + k < minht(y). Put 



Z if A; = 1 in type Dn, 

\mio)-n+k) otherwise. 


Here recall Example 12.61 for Z and Proposition 12.71 for . 


Then 


K 


0 C0fc0 0 


ht( 7 o)—nH-/c<min(ht(y)) ctGM 


For k and F = X]aGA+ ciaXa, put 


-P<fc(r) ^ ClaXa 


i(a)<k 


(5.7) 
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Set 

0 / := ^ CXa ^ ^ CXa 

a&(l) aeM2\Y(l) 

s(a)=sip) {3/3eM2{l)) 

© © CP<,,(0»)© © CP<,,(A(“<”») 

k>^L{i) a£Mi\Y{l) 

ht(7o)—nH-fc<minht(y) 

© © CP<,,(Al“l"»), 

ol£M2\Y(1) 

(V/3eM2(0) 

Then Oi = K, and a„+i = a. Note that a/ satishes the assumption 
fl3.ip : suppose that a G M 2 \V(l) and s(a) = s(j3) with f3 © M2{1), and 
that 7 , a + 7 G A"*". If a + 7 ^ F(/), then (3 ^ a{l — 1) >- a + 7 >- a. 
Hence by the dehnition of >- and Lemma 15.61 

]{a) > j{a + 7) > j{f3) = j{s{(3)) = j{s{a)) > j{a). 

Hence j{a + 7) = j{(3), and by Lemma [52] s(a + 7) = s{(3). Moreover 
/9 a + 7, j{a + 7) = and /3 G M 2 imply a + 7 G M 2 . We have 
thus checked the assumption fl3.1l) for a/. 

We show 

(5.8) a^+i G Ad(G)ai (/= 1, 2,..., n). 

Then, inductively, we have Theorem 12.81 

The proof of (15.8p is divided into three cases according to a{l) G 
Ml, L, or M 2 . 

(Case 1: a{l) G Mi.) In this case, a{l — 1) and a{l) are in Case 
2 (Figure [T]). Since each root appearing in except a{l) 

belongs to H(/), the root vector Xa{i) belongs to a^. If f^+i = ti, then 
ciz+i = Cl;- 

Next suppose that t^+i < ti. We prove that 

(5.9) 0^+1 = limAd(A);|^(f))a;. 

First we show t/+i < i{a{l — 1)). If ti+i < ti < 00 , then a{l — 1) is a 
source, and ti = i{a{l — 1)) by Lemma EH If = cxd and ti+i < 00 , 

then (i(a(/ — 1)) + — 1)) + 1) does not belong to Y. Since 

j(a(/)) = j{a{l — 1)) + 1, this implies ti+i = i{s{a{l))) < i{a{l — 1)). 
Hence we have proved f^+i < i{a{l — 1)). 

If the coefficient of in a root a is 2, then a is of form Si + Sj with 

i < j < tz+i. Since i < j < t/+i < i{a{l — 1)) < j{a{l — 1)), we have 

'a(/ — 1) < a, and hence X^ G O;. Hence the linear combinations with 










JORDAN LIE SUBALGEBRAS 


21 


roots whose coefficients of are 1 survive under lini 4 _ 5 .o Ad(Atjj^(t)) 
by Lemma [3.21 

P«,„(A''‘)),P«,„(ej e limAd(A.7|,(i))a,. 

Hence we have proved (Ih.Qh . 

(Case 2: a{l) G L.) In this case, a{l — 1) and a(Z) are in Case 1 
(Figured]), and tj+i = ti by Lemma 15^ Suppose that I = 3 and g is of 
type Dn- Then 02 = 03 and a(3) = e 2 +e^. Let [3 := Q !4 + - ■ • + Q !„_2 + Q!n 
if n > 6, and (3 := ii n = 5. As in the proof of Proposition 15.21 (3), 
C[Xf,,Z] = Hence ([X^, Z], A^^-s)) = and 

limexp(t“^adX^)(a3) = a4. 

Suppose that Z 7 ^ 3 or g is not of type Dn- Let h := ht(0jjL(p+i). 
Recall that Q^l{i)+i = A*^^^ and h = ht( 7 o) — n + tl-L(/) + 1. 

Put i := i{a{l)) and j := j{a{l)). By Lemma [53] = f/, and note 

that i >2, since a{l) G L. We express a{l) as a sum of simple roots in 
the following order: 

(Bn) 


a{l) = ^ afc + 2 ^ ttfe 

i<k<j j^k<n 

= 0^2 + * * * + + * * * + Oin + + * * * + 

(a) 

a{l) = ^ ttfc + 2 ^ ttk + Oin 

i<k<j j<k<n 

= + • • • + Q^j + * * * + Q^n + * * * + Q^j, 

(D„) 

a(l) = ^ Ufe + 2 ^ (Lfc + an-l + Oln 

i<k<j j^k<n—2 

= + • • • + Qfj + • • • + 2 ^n—1 + * * * + 


In the above, let 7 be the sum of the hrst h simple roots, and f3 the 
rest. Note that (3 and 7 can be dehned since we have h < minht(H) < 
ht(a(/)), and that they are in fact roots since h = n + jlL(Z) for B^, Cn 
(n — 2 + tlL(Z) for Dn respectively). 

We prove that 

(5.10) a^+i = hrnexpf“^adX/3(az). 

First we show 


(5.11) 


[x,,cp<,,(e,i,„+,)] = cx„|,|. 
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By Lemma 15.101 ti > i{oi{l)) = i, Hence 7 certainly appears in 
(0jti(p+i). If 7 ' 7 ^ 7 is a root of height h, and if 7 ' + /9 is also a 
root, then 7 ' should be of the form aj_i + aj _2 + • • • + In Case 

B or C, no such root appears in P<ti{Q^L{i)+i)i since h > n. In Case 
D, we have h> n — 2. If h > n — 1, then 7 ' cannot exist. If h = n — 2, 
then ^L{1) = 0 , and hence a{l) is the first root in L; a{l) = £2 + £ 3 - 
If 7 ' exists, then 1 <j — h = 3 — {n — 2). Namely n < 4. Hence 
the only possible case is the one when n = 4,7 = 02 + (3 = 03 , 

and 7 ' = 02 + «!, which we excluded in the beginning. Hence we have 
proved 05.111) . Since G a; for all a > a{l), by Lemma EH] 

Xa(i) G lirnexp f“^adX/ 3 (a/). 

As in the previous paragraph, for k > 1 , 

gCX„ 

where a = a{l) + + ai -2 + • • • + oti-k- Hence, even if a is a root, 

we have 

(5.12) G a; (fc>l) 
since a > a{l). Hence by Lemma [3.II 

(5.13) = P<t,(A('‘+'=)) G limexpf-iadX^(az). 

Since Y (/) is closed under addition of a positive root, it is clear that 
[Xf^,X^]eai for a eY{l). 

Hence by Lemma [3.11 

(5.14) Xq G lirnexpf“^adX^(ai) forQ!GH(/). 

Finally, we prove 

(5.15) [X^, Xq] G a; 

for a G M 2 \ Y{1) with s(q;) = s{(3') and (3' G M2{1). Note that in 
this case M 2 \Y{1) = M 2 \ X(/ + 1) and M2{1) = M2{1 + 1). Since 
ht(a) > minht(X) > ht(0jjL(;)+i) = h, by the similar argument to 
05.r2p . we see [X^,Xq,] G CXq,/ with a' > a{l). We have thus proved 
05.15p . and hence by Lemma [3.11 

Xq, G limexp t“^adX^(ai) 

for a G M 2 \ X(/ + 1) with s(a) = s(/3') and /S' G M 2{1 + 1). Hence we 
have proved O5.10p . 

(Case 3: a{l) = Si^ + G M 2 , (p < ji for P, P; ii < ji for C.)) 
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In this case, «(/ — 1) and «(/) are in Case 1 (Figured), and s{a{l — 
1)) = s(a(Z)) fLemma 15.71) . By Lemma EH there exist two cases: 

(a) ti+i = ti<oo, 

(b) b+i < oo, t/ = oo, a{l - 1) ^ M 2 . 

Since «(/)=£*,+ ej^ G M 2 implies that there exist no a = + ej 

for j > ju we see i{s{a{l))) = ji. 

First consider Case (a); suppose that ti+i = ti < 00 . If there exist 
13 G M 2 such that a{l) -< (3 and s{(3) = s(a(Z)), then a/+i = a^. 

Suppose that there exist no such (3 G M 2 . Then s{a{l)) = + Sj^ 

by Lemma [5.91 Put 

m = — bsj^ G Z"", 

where a> b > 0. Then {m,ei + Sj) (cf. (13.2p ) are as follows: 


■■■> jl 


ti+i P • • • 

j/i 

—a — b 

—a — 2b 

—2a — 2 b 

ti+i 

-b 

-2b 

—a — 2b 

jl 

0 

-b 

—a — b 



We prove that 

(5.16) ai+i = limAd(A"”(t))(az). 

Let a G M 2 satisfy s{a) = s («(/)). Then j{a) = j{a{l)) = ji, and 
ii = < i{a) < i{s{a{l))) = ti+i, since a Y a{l). Hence a is 

the unique root in with m-weight —a — 2 b (— 2 a — 2 b if 

= ji in Type C) outside of Y{1). Hence by Lemma [32] 

G limAd(A""(f))(CP<i,(A(^*(“»)). 

Let a E M \ Y{1) and s(a) 7 ^ s{a{l)). Then a -< a{l), and j{a) > 
j{a{l)) by Lemma [521 Since a{l) G M 2 , we have i{a) < i{a{l)). We 
show 

(5.17) ht(a) > ht(Q;(/)). 

Suppose otherwise. Then i{a) > i{a{l)) + j(a(/)) — i{a). We see that 
7 := + ei{a{i))+j{a{i))-i{a) IS a root and 7 > a. Thus 7 G H and 

ht( 7 ) = ht(a(/)), which contradicts the fact that a{l) G M. 

By fl5.17p . all roots in P<tj(A(*^*[")^) with m-weight —a —2b {—2a —2b 
if ti+i = ji in Type C) are in Y{1). Hence by Lemma 13.21 the linear 
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combination with m-weight —a — b survives; 

elimAd(A-(t))(CP<i,(A(‘^*(“»)+ 0 CX^). 

P&{i) 

Similarly, by t«+i = ti and the above table, 

P<tU^k) = limAd(A"^(t))(P<,(0.)) G limAd(A-^(t))(az). 

Clearly limt^o Ad(A”^(t))(CXQ,) = CXq. Hence in Case (a) 

Ui+i = lmAd(A”"(t))(az). 

Next consider Case (b); suppose that b+i < oo,ti = oo,a{l — 1) ^ 
M 2 . In this case, s{a{l)) = and ti+i = ji — 1 for Types P, D 

and ti+i = ji for Type C, respectively. 

Again we put 

m = —aet,^^ — bsj^ G Z”, 
where a > b > 0, and we show 
(5.18) oz+i = limAd(A""(t))(a/). 

For a G M 2 satisfying s(q;) = s{a{l)), 

G limAd(A”"(t))(CP<t,(A(^*(“)))) 

as in Case (a). 

For a E M \ Y{1) and s(q;) 7 ^ s{a{l)), 

GhmAd(A"^(t))(CP<z,(A(^t(“)))+ 0 CX^) 

P&{i) 

as in Case (a) as well. 

In this case, ht(s(a(/)) = minhtX. Hence the possible m-weights 
of roots appearing in 0^ are —a — b, —b, 0 (Types B, D) and —a — 0 

(Type C), respectively. The roots with m-weight —a — b are exactly 
those roots appearing P<tj^^(0fc). Hence 

P<tU^k) = limAd(A-(t))(P<,(0.)) G limAd(A-(t))(az). 

Since limt^o Ad(A”^(t))(CXQ) = CXq is clear, we see 
az+i = limAd(A”"(t))(az) 

in Case (b) as well. 

We have thus finished the proof of the theorem. □ 
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6. Case G 2 

In the exceptional types, we fix a Chevalley basis 
{Xa, Hi\a e A, i = 1,2,... ,n} 
of 0 as in [131 Proposition 4]. In particular, we have 
(6-1) = (p + l)Xpj^ai 

for non-simple [3 G A"*" with (3 + ai & where p is the nonnegative 
integer satisfying 

/3-paiGA+, (3 - {p + l)ai ^ A"^. 

Note that p = 0 in the case E. 

In this section, let g be of G 2 type. Then the ai-, Q! 2 -strings in A+ 
are as follows: 

3q:i -|- 2q:2 


( 6 . 2 ) C(2 -^ oci 02 - y 2oii Oi2 - 1 3 q:i -|- 02 . 


tti 

The element A = Xa^ -|- A „2 is regular nilpotent, and its centralizer 
equals 

J := CA 0 ^A'3q.j^_|_2q:2 . 

In this case, by (16.21) there exists a unique 2-dimensional abelian b- 
ideal: 

K := © ^A^3ai+2a2 ■ 

We have K = lim^^oexp(f“^adA 2 Q,i+a 2 )('^)- 

Thus Theorem 12.81 holds trivially, and the g-module C 2 is irreducible. 

7. Case F 4 

Let g be of F 4 type. The Dynkin diagram is 

Oil - tt2 > 0:3 - Oil ■ 

Lemma 7.1. Let a be a 4-dimensional abelian b-ideal. Then 

a = (A„ |a = 2342,1342,1242,1232) = K, 

where 2342 means 2q;i -|- 3 a 2 + 4 q ;3 + 20 : 4 , etc. 

Hence Theorem \2.8[ holds trivially. 
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Proof. The maximal root is 2342, whose height is 11. We know that 
1342,1242,1232 are the unique roots with height 10, 9, 8, respectively. 

□ 


The following is the list of non-simple positive roots: 

2342 

1342 

1242 


1232 



1222 1231 



1122 1221 



0122 1121 1220 



0121 1111 1120 



0111 0120 1110 



0011 0110 1100 . 


The element A := + X^^ + X^^ + Xa^ is regular nilpotent, and 

let J := 30 (A). 

Lemma 7.2. 

<7 = (A, 2X0122 — W1121 -|- Xi 2205 7Ci222 — W1231, X2342). 

Proof. Since [X„,,Xi 222 ] = (5i3W232 and [X„,,Xi 23 i] = (^* 4 ^ 1232 , we 
see that X 1222 - W 1231 e J. Similarly, since [X„,,Xoi 22 ] = SiiXu 22 , 
7^ll2l] = 25 * 4 X 1122 + 5j2Wi22i, and [Xq,.,Xi 22 o] = 5 * 4 X 1221 , we see 
that 2 X 0122 ~ 7^1121 -|- X 1220 G <7• n 
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Proposition 7.3. 

{K =)a e Ad{G)J. 

Proof. By considering heights, we see 
lim exp(t“ ^ad(Xi242)) 

= (2X0122 — X1121 + Xi220; X1222 — X1231, X1342, X2342) =; ai- 

We easily see 

limexp(t“ ^ad(Xoi 2 i))(ai) 

= (X1222 — X1231, Xi 242 , X1342, X2342) =; CI2. 


Finally 


lmexp(t ^ad(XQj)(a 2 ) 


= (X 


1232, 


Xi242. X 


1342 


X2342) — Cl- 


□ 


8. Case Eq 

Let g be of Eq type. The Dynkin diagram is 


0.1 -Q3 - Q4 - 0^5 - Oq . 


O 2 

Lemma 8.1. There exist three 6-dimensional abelian b-ideals: 

Oi = a'0o' (7 = 1,2,3), 

where 

• a ' = (X12321, Xi2pi, X12221, Xiipi, X12211), 

• a'i = (X01221), 

1 

• 02 = (X11211), 

• Og = (X12210). 
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Proof. We have the assertion by the following list of non-simple positive 
roots: 



01221 

1 


01111 

1 


01111 

0 


00111 

0 


00011 

0 





00110 

0 


00100 

1 


01100 

0 


11110 

1 


11110 

0 


11100 

0 


11000 

0 • 


□ 


The element A := YA=i^ai is regular nilpotent, and let J := 3g(A). 
By the list above, we have the following lemma: 

Lemma 8 . 2 . The following form a basis of J: 

• fi ■■= A, 

• /4 := Xoiiii — Xooiii — Wiiiio -|- Xiiioo, 

0 10 1 

• /s := Xoiiii — X01210 + Wiiiio — 2X11111, 

111 0 

• fr ■= X01221 — X11211 -|- X12210, 

1 1 1 

• /s := X11221 — X12211, 
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• /ii := Xi2321. 

2 

Proposition 8 . 3 . Proposition \2.'7\ and Theorem \2.8{ hold. In particu¬ 
lar, 

Ui G Ad{G)J {i = 1, 2, 3). 

Proof. Since 


6 

ad(Xiiiii)(A) = — Xiiiii] = —Xiiiii, 

0 i=l ^ ^ 

6 

ad(Xoi2io)(A) = — A'oi2io] = —X11210 — A'01211, 

^ i=l ^ ^ ^ 

there exist a, b such that 

adfaXiiiii + 6X01210) (A) = C1X01211 + C2X11111 + C3X11210, 

0 1 1 1 1 

ad(aXiiiii + 6 X 01210 ) (/ 4 ) = C 4 X 12221 , 

adfaXiiiii + 6X01210) (/s) = C5X12321 
0 1 1 

with Cl, C2, ..., C5 7 ^ 0. Hence 

lirnexp t“^ad(aXiiiii + 6 X 01210 )(J) =: K 

satishes the condition in Proposition 12.71 
Then it is easy to see 

liniexpf^ad(Xooiio)(X) = o'0(/7). 

We have 

limAd(Ai(t))(a'0(/7)) = Oi, 
limAd(Ah^(t)A6^(t))(a'0(/7)) = 02 , 
limAd(A6(t))(a'0(/7)) = 03. 

Hence we have proved Theorem 12.81 i.e., 

ai, 02, 03 G Ad(G)X. 


□ 


9. Case Ej 

Let 3 be of Ej type. The Dynkin diagram is 

0!\ - O 3 - O 4 - 05 - CtQ - O 7 . 
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Lemma 9 . 1 . There exist three 7-dimensional abelian h-ideals: 

cij = (X23432I, ^134321, ^124321, ^123321, ^123221) 0 Cly (i = 1,2,3), 

2 2 2 2 2 ^ 

where 

• a'l = (Xi23211, Xi2321o); 

• a'2 = (X12332I, X1232I1); 

• Og = (X12332I, ^12^21). 


Proof. The following is the list of positive roots with height greater 
than 10: 

234321 

2 


134321 

2 


124321 

2 


123321 

2 


123221 

2 


123211 123221 

2 1 


123210 123211 122221 

2 1 1 




Hence the assertion holds. 


□ 


The element A := J2j=i^ai is regular nilpotent, and let J := 3g(A). 
Lemma 9 . 2 . The following form a basis of J: 

• fi ■= A; 

• /g := X012100 —^111100 —A'oiiiio +2X111110 —2X011111 + 3X001111, 

111 0 0 1 

• /r := X122100 — X112110 + X012210 — X012111 + 2X111111, 

1111 1 

• /g := X122111 — X112211 + X012221, 

111 

• /ii ;= X123210 — X123211 + X122221, 

211 

• /i3 := X123221 — X123321, 

2 1 

• /i7 ;= X234321. 

2 
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Proof. From the proof of Lemma iQAl we see fn, / 13 , /n G J. 
The following is the list of positive roots with height 10, 9: 


123210 

122211 

112221 

1 

1 

1 



122210 

122111 

112211 

012221 

1 

1 

1 

1 


Hence /g G J. 

The following is the list of positive roots with height 8 , 7: 


122110 

1 



Hence G J. 

The following is the list of positive roots with height 6,5: 


112100 

1 


012110 

1 


111110 

1 


mill 

0 



Hence /s G J. □ 

Proposition 9 . 3 . Proposition 2.1 and Theorem \2.8i hold. In particu¬ 
lar, 

a* G Ad(G) J {i = 1, 2, 3). 


Proof. By considering heights, we see 

limexp(t“^ad(Xi 2432 i))(J) 
mo 2 

= (/s, /j, /g, /ii, /i3, -A134321, /17) =: Ji- 

Since fn G Ji, we have 

Im exp(f^ad(Xi2pio)) (Ji) 

= (/j, /g, /m /i3, -A124321, X134321, /17) =: J2- 

2 2 

Since X134321 G J 2 , we have 
2 

lim exp(f^ad(Xoi22io)) (J2) 

= (/g, fii, fi3, X123321, X124321, X134321, /17) =: Js- 

2 2 2 
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As in Case there exist a, b such that 

lmexp(t“^ad(aXooiioo + &Xiiiooo))( J 3 ) 
= (A«|ht(«) > 14)0 (/i3,A('^\/ii) = i^ 


satishes the condition in Proposition 12.71 
Then 


limAd(A2^(t))(A:) = ai. 


We have 

limexp(t“^ad(A'ooooii))(A') = (X„ | ht(a) > 13) 0(A^^^)), 

t ^0 0 


and then 


Im Ad(A 2 ^(t))((X„ I ht(a) > 13) 0 (A(^ 2 )^) ^ 
lhnAd(A 2 (t))((Xa I ht(Q!) > 13) 0(A(^^))) = 03 . 

We have thus proved 


di, 02 , 03 G Ad(G)iC. 


10. Case Eg 

Let g be of Eg type. The Dynkin diagram is 


CXl - 0^3 - 0^4 - 0^5 - OiQ - 0^7 - 0^3 . 


0^2 


Lemma 10 . 1 . There exist two S-dimensional abelian b-ideals: 
cii = o'0 (Xi35432i), O 2 = o'0(X245432i), where 

0' := (X2465432, ^2465431, W2465421, W2465321, W2464321, X2454321, W2354321) 
3 3 3 3 3 3 3 
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Proof. The following is the list of positive roots with heights greater 
than 21: 

2465432 

3 


2465431 

3 


2465421 

3 


2454321 

2 


2354321 

2 


2465321 

3 


2464321 

3 


2454321 

3 


2354321 

3 


1354321 

3 


Hence the assertion holds. 


□ 


The element A := X]?=i ^ai is regular nilpotent, and let J := 3g(A). 

Lemma 10.2. The following form a basis of J: 

• /i := A, 

• /r := X1221000 — X1121100 + A'0122100 — A'0121110 + 2X1111110 — 

1111 1 
2X1111111 + Xoiiiiii, 

0 1 

• /ii := X1232100 — X1232110 + X1222210 + X1222111 — 2X1122211 + 

2111 1 

2X0122221, 

• /i3 := X1222221 — X1232211 + X1233210 — X1232210 + 2X1232111, 

1112 2 

• /i7 ;= X2343210 — X1343211 + X1243221 — X1233321, 

2222 

• /i9 := X2343221 — X1343321 + X1244321, 

222 

• f23 ■= -A2454321 — X2354321, 

2 3 

• f29 ■= X 2465432 . 

3 
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Proof. By the proof of Lemma 110.11 /23 G J. 

The following is the list of roots with height 20,19: 


2343321 1344321 

2 2 



2343221 1343321 1244321 

2 2 2 • 

Hence fig G J. The following is the list of roots with height 18,17: 


2343211 

1343221 

1243321 

2 

2 

2 



2343210 

1343211 

1243221 

1233321 

2 

2 

2 

2 


Hence fu G J. 

The following is the list of roots with height 14,13: 


1233210 1232211 1233211 1232221 

2 2 11 



1232210 1233210 1232111 1232211 1222221 

2 12 11 

Hence /13 G J. 

The following is the list of roots with height 12,11: 


1232210 

1232110 

1232111 

1222211 

1122221 

1 

2 

1 

1 

1 



1232100 

1222210 

1232110 

1222111 

1122211 

0122221 

2 

1 

1 

1 

1 

1 


Hence /n G J. 

The following is the list of roots with height 8 , 7: 


1221100 1122100 1121110 0122110 0121111 1111111 
111111 



1221000 1121100 0122100 0121110 1111110 1111111 0111111 
111110 1 


Hence fj G J. 


□ 


Proposition 10 . 3 . Proposition \2. 7| and Theorem \2.8{ hold. In partic¬ 
ular, 


a* G Ad(G') J {i = 1,2). 
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Proof. By considering height, we see 

lim exp (t~^ ad (X2465421)) (J) 

= {/?,/ll,/l3,/l7,/l9,/23,-^2465431,/29) =: Jl, 

and 

Ihn exp (t“ ^ ad (X2343321)) () 

= (/ 1 I 5 /l3,/l7,/l9,/23,-^2465421, X2465431,/29) =: '^ 2 - 

Since X2465431 G J2, 

3 

Im exp(t“^ad(Xi232ioo))(J2) 

= (/l3,/l7,/l9,/23,-^2465321, X2465421,X2465431,/29) =: Js- 

3 3 3 

Since /29 G J3, 

lim exp(t“^ad(Xi232iii)) (J3) 

= (/l7,/l9,/23,-^2464321, ^2465321, ^2465421, ^2465431,/29) =: Ji- 

3 3 3 3 

Since X2465321 G Ja, 

3 

Im exp(t“^ad(Xiiiiiio))(J4) 

= (/l9)/23)-^2454321, ^2464321, ^2465321, ^2465421, ^2465431,/29) =: ^5- 

3 3 3 3 3 

As in Case Eq, there exist a, b such that 

lmiexp(t“ ^ad(aA'ooiiioo + &A'oiioooo))( J5) 

= (A„|ht(a)>24)0(/23,A('')) = i^ 

satishes the condition in Proposition 12.71 
Then 


lmAd(A2^(t))(A:) = ai, 

lmexp(t“^ad(Xoiooooo))(A') = 02- 


□ 


Appendix A. The proof of Proposition 14.51 

First we treat two fundamental cases. 

Lemma A.l. If fi = (n), then {zi ,..., Zn) = ( 1 , 1 ,...,!, 0) is a solu¬ 
tion of {lEf,). 

Proof. In this case, i{h) = n + 1 — h and Zi(^h){h) = Zn+i-h + Zn+2-h 
■ ■ ■ Zn. Hence (1,1 ,..., 1, 0) is a solution. 


+ □ 
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Lemma A.2. Suppose that n is even and p = (n/2,n/2). Then 

Zi Z2 ■ ■ ■ Z(n-2)I2 ^nl2 ^(n+2)/2 ^(n+4)/2 ' ' ' ^n-1 


2 2 2 
is a solution of{IE^). 
Proof. In this case, 

i{h) = 

and 

Zi{h){h) = 


0 


f + l-h (h<f) 
n + 1 — h (h > |) ’ 

72 

U.n+l-k‘i (h>P 

Hence the values of Zi in the statement is a solution. 


□ 


Lemma A.3. For any p \- n, there exists a solution of the system 

(IE,). 


Proof. We prove the assertion by induction on n. For n = 1, there is 
nothing to prove. 

Let /i = (/ii > P2 P ■ ■ ■ P Pi) ^ n. 


(Case 1: The case p 2 < Pi) 

Dehne p' = {p'^ > p' 2 P ■■■ P p'l)n — Ihy 

Pi [i P 1) 

Pi-l {i = 1). 

Let z' = [z[^..., z'^_i) be a solution of (JF^^/). Then dehne = 

{zi, ...,Zn)hy 

Y.Uz'j (* = 1) 

4-1 (* > 1)- 

We claim that 2; = (;2 i,..., Zn) is a solution of the system {lE^). 

Note that i{h) = 1 if and only if h = n, since p 2 < pi. For h < n, 
we have i{hy = i{h) — 1. Hence, for h < n, 

Ziih){h) = Zi(^hY+i{h) = z[^^^y{h) < Zj{h) = Zj+i{h) 

for I < j 4 *(^)^ or equivalently for 2 < j + 1 7^ i{h). 

By the dehnition of Zi, we see zph){h) < Ziifi) for h < n. Since there 
is no condition for h = n in {lEff), we have proved that 2: = (2:1 ,..., Zn) 
is a solution of the system {lE^). 

(Case 2: The case p 2 = pi ='. m and n + 1 > 3m.) 

Let p := {p 2 P Ps P ■ ■ ■ P Pi)■ Then p \- n — m. In this case, 
i{h) = i{h) for h < n — m hj fl4.ip . For h > n — m, we have F = 1 in 
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Lemma S31 and we have i{h) = i{h — m) and i{h) + h — 1 = nhj (14. Ih 
and 04.21) ■ 

Let 5 = {zi,, Zn-m) be a solntion of Define z = (zi,..., Zn) 

by 




Zi {i <n — m) 

YJjZT % \i = n + l-m) 
Zi_rn {i>n + l-m). 


Note that i — m > m = ni when i > n + 1 — m, since n + 1 > 3m. 
Hence, in particnlar, Zi^m > 0 for i > n + 1 — m. 

We claim that 2 ; = (zi,..., is a solntion of the system {lE^). 
Note that 


(A.l) znh){h) < Zj{h) if 


n + 1 — m G [j, j + h — 1], and 
n + 1 — m ^ [i{h),i{h) + h — 1] 


by the dehnition of Zn+i-m- Note, also, that h < n + 1 — m implies 
/c > 2 in Lemma 14.41 and hence i{h) + h — l<n — mhj 04.2p . and 
thns n + 1 — m ^ [i{h),i{h) + h — 1 ]. 

Snppose that h < m. Then i{h) + h — 1 < n — m, since h < 
m < n + 1 — m. Hence, if n + 1 — m G [j, j + h — 1], or eqnivalently 
n — m — h + 2 < j < n + 1 — m, then Zi(^h){h) < Zj{h) by OA.ID . If 
j<n + l— m — h, then, since j + h — l<n + l— m, we have 


> Hh){,h) = Zi(h){,h). 


If j > n + 1 — m, then 


Snppose that m < h < n — m. If n + 1 — m ^ [j, j + h — 1], then by 
j + h — 1 < n we have j + h — l<n + l— m, and hence 


= Zj{h) > Zii^h){h) = Zii^h){h). 

Snppose that n + 1—m G [j,j + h — l]. If n + 1—m ^ [i{h), i{h) + h — 1], 
then Zi(^h){h) < Zj{h) by OA.ip . If n + 1 — m G [i{h),i{h) + h — 1], then 
i{h) + h — 1 = n and h>n + l — mby the dehnition of i{h) (Lemma 
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Suppose that h > n — m + 1. Then we have i{h) = i{h — m) and 
i{h) + h — 1 = n. Hence 

i(h)-l n 

Zj{h) - Zi^h){h) = XI ~ H 

k=j k=j+h 

iih)-l n 

^ ' ^k ^ ' ^k—m 
k=j k=j+h 

i{h) — l n—m 

= X ~ X 

k=j k=j-\-h—m 

= Zj{h - m) - Zi(^h-m){h - m) > 0. 

In the last equation, note that i{h) < j + h — m, since i{h) < pi = m 
and j + h>n + l — m> 2m. 

(Case 3: The case /i 2 = pi =: m and n + 1 < 3m.) 

Note that n > 2m, or equivalently n + 1 — m > m. Let p := (/i 2 > 
hs > • • • > hi)- Then fl\- n — m. Let 5 = {zi,..., Zn-m) be a solution 
of {lEfi). Take 5 G Q so that 

0 < 5 < min (zj{h) - Zi^h){h)). 

Dehne 2 : = {zi, ...,Zn)hj 



{i < n — m) 

i^j=i 

{i = n + 1 — m) 

h 

{i = 2m) 

^i—m 

{i>n + l— m, 2m) 


The proof of the claim that 2 : = {zi,..., Zn) is a solution of the system 
{lEfj) goes in the same way as in Case 2, except the case when h > 
n + 1 — m, j + h< 2m, and i{h) + h — 1 = n. In this case, we have 

Zjih) - Zi^h){h) 

= Zj + ■ ■ ■ + Zi(h)-1 — {^j+h + ■ • • + Zn) 

% T ■ ■ ■ T Zi(^fi') — l (^Zj^fi—m T ■ ■ ■ T Zn—m) T ^ 

= Zj{h - m) - Zi(^h-m){h - m) - 6 + Zm> 0. 


□ 
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Appendix B. The proof of Proposition 12.71 (Type B) 
In this section, let g ; = so(2n + 1, C) (cf. Example 12.41) . 


\ 

■ A 

X 

B ' 

' 

so(2n + 1, C) = < 

-y 

0 

—^x 

1 B' = -B, C' = -C > 

1 

c 

y 

-A' 



Recall that 

n 2n n 

i=l i=n-\-l i=l 


and 


where Ej i = Ej — Eo 


J = 0 CA 


2k-l 


k=l 


-'i,j ^2n+2—j,2n+2—i £ B SP-d 

min{n,2n+l—(2/;;—1)} 

^ E,,,+ 2 fc-i+ E 

i<n-\-l — (2k—l) i=m.SLx{n—2k-\-3,l} 

2n-\-l-{2k-l) 

— E -E’iJ+Sfc-l 

_ n-\-l—k _ 

= E -^i,*+ 2 A:-l + E '' 

i<n+l-{2k-l) i=n-2fc+3 


First suppose that n is odd. Let n = 2m + 1. Put 

m+l _ 

(B.l) 5' := E ^iEi,n+i- 

i=l 

Note that the height of S is n. By a simple computatiou, for k < m, 

m—2k-\-2 _ 

[5, A ] = ^ ^ ( Cti (^ 2 + 2 /;;—l)-E'i,i+n+2fc—1 

i=l 

m—k-\-l 

“1“ ^ ^ (^n—2—2fcH-3 ^i)Ei^i-\-n-\-2k—l' 

i=m,—2k-\-3 


Proof of Proposition \2. 7| , odd n case. Take, for example, a* = i iu (IB.ip . 
Theu 

m—2k+2 _ 

[^,A2fc-l] ^ ^ -{2l + 2k-l)E,^,+n+2k-l 

i=\ 

m—k-\-l 

+ ^ ^ {jl H“ 3 2/c 2'z)£'2^2H-nH-2/i:—1* 

i=m—2k-\-?t 
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By the consideration of height, we have [S, [S', ^]] = 0 for all k and 

[S, = 0 for 2A: — 1 > n. Hence 


limexpf-^ad^(CA2^-^) 


C[^,A2^-i] {k<m) 

CA2^-i lk>m), 


and K := | n < Z < 2n — 1) with 


A« : = 


[^,A'-"] (Z: even) 

A* (Z: odd, Z > n) 


satishes K = limj^oexpZ ^adS'(J) and the condition of Proposition 

O □ 


Next suppose that n is even. Let n = 2m. Put 

m+l 

(B.2) S := ^ 

i=l 

Note that the height of S is n —1. By a simple computation, for k < m, 
[S', A^^ = {ai + (l2k)El,n+2k-l 

m—2/c+2 _ 

~ ^ (a* + aj+2fc-l)-£/i,i+n+2fc-2 

i=2 

i=m—2k-\-3 

Proof of Proposition |iZ. 7[ even n case. Take, for example, a* = Z in 
flR^ . Then 

[^,A2^-1] = {2k + l)E,,r.+ 2 k-l 

m—2k+2 _ 

~ ^ (2Z + 2Zc — l)TZj^j_|_„_|_2fc_2 

i=2 

m—k-\-l 

+ ^ (n + 4 — 2Zc — 2i)Ei^i^n+2k-2- 

i=m—2k-\-3 

By the consideration of height, we have [S', [S', A^^“^]] = 0 for all Zc > 2, 
[S', [S', A]] G CA^"“^, and [S', = 0 for 2Zc — 1 > n + 1. Hence by 

Lemma 13.11 

[S', e lirnexp Z“^adS'( J) {2k — 1 < n + 1), 

^ 2 fc-i ^ liixiexp Z“^adS'( J) {2k — 1 > n + 1), 
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and K := \ n < I <2n — 1) with 

,(,)._/ [S,A'-(”-‘)] (i: even) 

\ A’' (/: odd, / > n) 

satisfies K = linij^o exp t“^adS'( J) and the condition of Proposition 

O □ 

Appendix C. The proof of Proposition 12.71 (Type C) 

In this section, let 0 ;= sp(2n, C) (cf. Example I2.5p . 

B' = B, C' = C' 


sp(2n, C) = 


A B 
C -A' 


Recall that A = Zi=i - Ei=nli and 


J = 0CA 

k=l 


2k-l 


where 

, 2k-l 


A" 


min{n,2n—(2fc—1)} 

Ei,i+2k-l + 

i<n—{2k—l) i=max{n—(2A:—2),1} 

2n-{2k-l) 

2=n+l 

Define an abelian Lie subalgebra K as follows: 


n — 1 
2 


K :={ 0 CA“-‘) 0 ( 0 C 


2fc-l 


O A 

o b 


L—ILhi k=l 

2 

n 

2 ~0 p^k—2 


if n is odd. 


K :=( 0 CA=‘-‘)0(0C 


t.f+i 

n—1 


k=l 


^ ^ ) if n is even. 


where A a := E, 




Put 


5 := 


O --I 

Q Q G 0 if n is odd, and 


^: = 




1 1 771 

Aii=l 


2-^1,n 2 

o -kEi 


0 0 if n is even. 


Note that the height of S' is n for n odd and n — 1 for n even. 
To prove 

(C.l) 


K = lirnexp(f ^adS')(J), 


we prepare three lemmas. The following lemma is clear: 
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Lemma C.l. Suppose that [^, C] = O. Then 


[A B ■ 


C D ■ 


1 

O 
_1 

_1 


o' 

1 

o 

_1 



For X e sp(2n, C), write 

X = 

Then 


O AD - BC -CB + DA' 

O O 


X(ll) X(12) 
X(21) X(22) 


n—{2k—l) 


(C.2) = -A2"-1(22)= ^ = 

i=l 

( — 1 )"' 'Ei^i^2k-l-n, 


2k-l 
A ) 


min{n,2n—(2/c—1)} 
A 2 fc-i(i 2 ) ^ ^ 

2 =max{n—(2A:—2),1} 
A2fc-l(21) = Q 


Lemma C.2. Suppose that n is odd. Then 

[S, A^^-^ 

\0 - 


O A‘f-^ 
O O 


¥ 
o o 


Proof. In this case, S = 

Lemma lC.il and flC.2p . 

Lemma C.3. Suppose that n is even. Then 

[S, 


. Hence the assertion is clear from 

□ 


O Af-^' 

O O 


Proof. In this case, 5'(11) = —S{22) = ^Ein, 5(21) = O, and 5(12) = 
Note that [5(11), A^^“^(ll)] = O. By Lemma IC.ll 
[5,A2fc-i](ll) = [5,A2fc-i](22) = [5, A2^-i](21) = O, and 

[5,A2*^-^](12) = 5(11)A2^-^(12) - 5(12)A2^-^(11) 

_A2fc-i(ii)5(i2) ^ A2fc-i(i2),S(ll). 

If 2fc — 1 > n, then we have [5, = O by the consideration of 

height, and hence the assertion holds. 

Suppose that 2k — 1 < n, then 

n 

A2 /c-1(i2 ) ^ ^ (-l)"-*E,,,+2fc-l-n 

(2fc—2) 
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^(ll)A2fc-l(i2) 


1 ” • 1 

^ i=n-2fc+2 ^ 

1 ” . 1 
- X! (“l)”^*-^iJ+2fc-l-n-El,n = -En-2k+2,n, 

^ i=n-2k+2 ^ 

n—1 n— 2 / 2+1 

^ i=i i=i 

2 n—2/c+l 2 2 / 2+2 

“A X! -^*+l,i+2fc-l = — - X! Ei^i+2k-2, 

^ i=l ^ i=2 


A2fc-l(ll)^(12) = 


n— 2 / 2+1 


n—1 


^ i=l i=l 

2 n— 2 / 2+1 

^ ^ ^ -^2,2+2/2— 2 * 

^ 2=1 


Hence 


22 — 2/2 + 2 

|S,A“-‘|( 12 )= 1: 

2=1 


_ a 2 /c —2 


□ 


Proof of Proposition \2. 7[ By Lemma IC.21 
limexp(2-+d+(CA2^-i) 
for n odd. By Lemma IC.31 



C 

0 

> 

1 

0 0 


liniexp(2 ^adS')(CA 


for n even. Hence 


2 A:-l^ 


CA 

C 


2fc-l 


2k-2- 


O Al^ 
O O 


(2fc - 1 > n) 
(2fc - 1 < n) 

{2k-I > n) 
{2k-I < n) 


K = lirnexp(2 ^adS')(J). 

It is clear that K satisfies the condition in Proposition 12.71 

Appendix D. The proof of Proposition 12.71 (Type D) 
In this section, let g ; = so(2n, C) (cf. Example 12.6p . 


□ 


so(2n, C) = 


A B 
C -A' 


B' = -B, C = -C 


Pnt 


Ei,j EiJ E2n-\-l—j,2n+l—i' 
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Recall that 
A 


and 


where 


n—1 2n—1 

E ,i+l -E'n—l,n+l -£'n,n+2 

2=1 2=21+1 

n—1 _ _ 

^ ^ -^2,2+1 “1“ -^n—l,n+l5 
2 = 1 


J 


n—1 


k=l 


z 


A'l^n A'jj-i-i 2n -^1, 


n+1 




'n,2n 


— A'l,n ~ A- 


1,72+1 • 


We have 

72—(2fc—1) 

1 _ ^ Ei^i^2k-1 + -An-(2fc-l),n+l 

2=1 

Al-l _ 

+2^(-irB„ 

— (2/c — 1)+2,72+1+2* 

2=1 

The height of A^^“^ equals 2A; — 1, and that of Z n — 1. Note that, 
when n is even, 

--1 

A"" ^ = Ei^n + -Al,n+1 + 2 y]] ( — 

2=1 

Let l<i<n, l<j< 2 n, i < j, i < 2 n + 1 — j. Then the height 
of Eij equals j — i for j < n and j — i — 1 for j > n. Hence, CEi^n 
and CEi^i+n {i < are all the root spaces of height n — 1, and, for 
h > n, CEi^i+h+i {i < n — ^) are all the root spaces of height h. 

First suppose that n is odd. Put 

n+1 

2 _ _ 

(D.l) S . ^ ^ 0jiEi1^yI_2 0 ^ ^ ^2-S2,2+72—1 • 

2=1 2=2 

By a simple computation, 

[0, A] = (ai — a2)Ei^ri + {dl — &2)-El,n+l 

n — 1 

_ 2 _ 

— (a2 + &2 + i>‘i)E2^n+2 — y + ^2+l)-®2 ,72+27 

2=3 
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and for k >2 

[5, = {2ai — b2k)El,n+2k-l — {0,2 + b2 + b2k+l)E2,n+2k 


1+3—4fc 


X! + bi^2k—l')Ei^i-\-fi-\-2k—2 
i=3 

n —2fc + l 

2 _ 


■ _n+5—4fc 

2 


Proof of Proposition \2.1\ odd n case. Take, for example, Oi = 2, 02 = 
1, 62 = 1, and bi = —i {i > 3) in fID.ip . Then 


n — 1 
2 


[S', A] — Ei^n + -El,n+1 + E2,n+2 + E (2i + 1)E, 


2,n+2? 


2=3 


and for k > 2 

, 2k-l 


[S, A ] — (4 + 2k)Ei^n+2k-l + (2fc — l)E2^n+2k 

n+3—4fc 


£ i2i + 2k-l)E,^. 


2 +n+ 2 fc—2 


2=3 


n+l —2fe 
2 


(n + 3 — 2fc — 2i)Ei^ 


i-\-n-\-2k—2' 


: _n+5—4/c 

2 


By the consideration of height, we have 

[S^ = 0 for 2 fc - 1 > n 

and 

[S, Z] e CA2"-3. 

Hence 

hmexpf“^adS(J) = (Z, A^^^ | n — 1 < / < 2n — 3), 


t —^0 


where 


f [S,A'-(”-=>] (i: even) 
\ A' (1: odd, 


I >n). 


□ 


Next snppose that n is even. Let 

n 

(D- 2 ) S := aEi^n + E ^iEi,i+n 

2=1 
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By a simple computation, 

n+2—4fc 

_ 2 _ 

[5, = —(a + + &2fc)-£'l,n+2fc ~ ^2 (^i + ^*+2A:-l)-Ei,i+n+2fc-l 

i=2 


n — 2k 

2 _ 

E ('’i- ^n+2—2fc—2)-®z,i+n+2fc—1* 

,•_ 72 + 4 — 4 fc 

2 


Proof of Proposition\2 . 71 even n case. Take, for example, a = 0 and 
bi = -i in diT^ . Then 

72 + 2 — 4 fc 

[S', = {2k + 1)-Ei^^+2A3 + ^ (2i + 2A: — 


^ ^ H“ 2 2/c 2i^Ei_^i^Yi-\-2k—i' 

„•_72+4 —4A: 

^-2 

By the consideration of height, we have 

[S, = 0 for 2fc > n 


and 

Hence 

where 


[S,Z] = 0. 


limexpf ^adA(J) = | n — 1 < / < 2n — 3), 


A(0 


[A, A^ (/: even) 

A^ (/: odd, / > n — 1). 


□ 
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